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Pinning-depinning transition in dislocation dynamics
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We present a series of models used to analyze the motion of dislocations inL12 intermetallic compounds,
which show a yield strength anomaly~increasing strength with increasing temperature!. The models are
presented in terms of stochastic, finite difference equations of motion and are based on physical arguments
from previous work. The solutions show that the models display a pinning-depinning transition with increasing
stress. The pinned phase is shown to have a large number of possible configurations. A set of deterministic,
mean-field equations are derived from the stochastic equations, and used to analyze some of the statistical
properties of the models. We also examine numerical solutions to the stochastic equations, and analyze them
for critical exponents and scaling. Finite-size effects are likely to be very important in the practical application
of these models.@S0163-1829~97!07001-X#
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I. INTRODUCTION

It is agreed generally that the noncompact core struc
of the a^110& superdislocations is the origin of the yie
strength anomaly observed in manyL12 intermetallic
compounds.1 In particular, it is known that these dislocatio
cores can exist in at least two types of states:~1! a glissile
state, in which all partial dislocations lie on a single$111%
plane, and~2! a sessile state, in which the partial dislocatio
lie on separate$111% planes. Paidar, Pope, and Vitek an
lyzed the dynamic process by which a localized segmen
superdislocation may convert from the glissile to a ses
state.1 They found that the key step is a thermally activat
cross-slip event. Hence, as the temperature increases
number of localized sessile segments increases, leading
increased drag on the motion of the dislocations. This
creased drag was argued to be the origin of the anomaly,
a quantitative theory of the anomaly, based on the prope
of a periodic arrangement of sessile segments, was de
oped.

Recently, the dynamics of the cross-slip pinning proc
have been incorporated into a dynamical simulation of d
location motion.2 Several important insights are obtaine
from these simulations. First, the observed superdisloca
structures, consisting of long pinned segments, the so-ca
‘‘Kear-Wilsdorf locks,’’3 connected by large, potentiall
glissile segments of mixed character, referred to
‘‘superkinks,’’4–7 arise naturally from the dynamics of dislo
cation motion. Second, it is also noted that the dislocati
of predominantly screw character advance through the lat
motion of the superkinks. Third, the superkink populati
along any particular dislocation fluctuates, due to prima
three processes:~1! Superkinks scatter off other superkink
resulting in annihilation of one or more superkinks.~2! Su-
perkinks spawn new superkinks.~3! Superkinks leave the
crystal through its surface.

The most important observation, however, is that the d
550163-1829/97/55~2!/798~14!/$10.00
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locations undergo a stress-driven pinning-depinn
transition.8,9 At low stresses, the dynamics of dislocation m
tion are such that dislocations become pinned comple
~i.e., over their entire length! by numerous cross-slip event
For stresses above a critical stress,tc , the dislocations re-
main mobile for a time limited only by the finite size of th
dislocation: an infinite length dislocation remains mobile f
all time. The transition appears to occur abruptly attc .

To study this transition, a discrete model~henceforth re-
ferred to as the ‘‘prior model’’! with dynamics constructed to
mimic the dislocation dynamics observed in the continu
simulations, was developed. The scaling properties of
transition were explored, and the results were used to
velop a theory of the creep properties of the
compounds.9,10

In the pinned phase, a small increment in the stress
cause pinned segments to mobilize and sweep out an
before eventually being pinned again. The time scale for
primary creep transient is set by the time characterizing
decay of these events. In addition, these events display s
ing behavior near the critical stress.

This scaling theory, while promising, leaves op
questions.9,10 One concern involves the effects of finite siz
on the dislocations. For example, if one assumes that e
site of the segment in the prior model corresponds to a len
of dislocation of the order of magnitude of the Burgers ve
tor, i.e., approximately 5 Å, then a dislocation of leng
1023 m is represented by a model containing approximat
107 sites. Hence one may expect the effects of finite size
be relevant to experiments.

Another, and perhaps the more notable, concern invo
the overall time scale of the pinning process. Results fr
the model indicate that expected time scales over which
scaling behavior should be observed are too short to be
sistent with experimental observations. It was suggeste
Ref. 10 that the addition of a thermally activated step in
dynamics of dislocation motion may correct the time-sc
798 © 1997 The American Physical Society
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55 799PINNING-DEPINNING TRANSITION IN DISLOCATION . . .
difficulty, while preserving the scaling behavior. The origin
model was modified, and the effects of a thermally activa
step on the overall dynamics investigated in a prelimin
fashion. This model proved computationally too expens
for complete study, and many open questions remain.

In the current paper, the scaling properties of the th
mally assisted pinning-depinning transition are studied m
thoroughly. The prior model is simplified, and extended to
class of models. These models are studied by analytic me
within mean-field approximation, and through exact nume
cal simulation.

It is shown that the behavior of the models presented
low is similar to that observed in the prior model of flow.8,9

It is also shown that introduction of thermal depinning, wh
smearing out the pinning-depinning transition doesnotelimi-
nate all scaling behavior. The remaining vestiges of the s
ing behavior are used as a means to deduce, based o
merical results, the value of some of the expone
associated with the pinning-depinning transition in the
sence of thermal depinning.

The remainder of this paper is organized as follows. T
next section introduces the simplified class of models. S
tion III presents the exact solution to the simplest mode
the class. In Sec. IV, we describe a mean-field treatmen
the more complicated models. Section V presents nume
results for comparison with the mean-field analysis. We d
cuss the importance of various aspects in Sec. VI and c
clude with Sec. VII.

II. MODELING OF DISLOCATION DYNAMICS

The models studied here attempt to capture three fun
mental aspects of dislocation dynamics. The first is the cro
slip event, which happens with a probabilityq measured as a
number of cross-slip events per unit dislocation length
unit dislocation advancement. A cross-slipped node is imm
bilized. The second is the athermal stress-driven mobil
tion of a cross-slipped segment, which occurs when mo
segments of the dislocation advance beyond and pull loo
locked segment. The third is the mobilization of a cro
slipped segment via a thermally activated process occur
with probability «.

When cross slip fails to occur~as will happen with prob-
ability p512q), it will be seen below that superkinks ca
be nucleated. For example, a mobile kink can nucleate
other kink at the ratep. It is expected generally that«!p.

The origins of the parameterq warrant discussion. The
cross-slip probability per unit length of dislocation per u
distance advanced decreases monotonically~and potentially
nonlinearly! with the applied stress~at fixed temperature!. ~If
this were not the case, one would expectlessslip at higher
stresses.! A more detailed relationship between the appli
stress and cross-slip rate hasnot been developed, and re
mains a topic for future research. For simplicity, it is a
sumed thatq5q(t,T), with t the applied stress andT the
temperature, and thatq is a monotonically decreasing func
tion of the stress at fixedT. ~Note that in this work it is
assumed thatq is independent of configuration, in contrast
the prior model, where there was some dependence of
rates on specific configuration. The current investigations
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dicate that the results cited are not sensitive to this diff
ence.!

In the models developed here, a dislocation is descri
by a discrete set of points which can move in the direct
perpendicular to the average line direction. The position
the line is denoted by the indexm, and the distance move
perpendicular to the line direction isy@m#. Between each
pair of points we define a slope,s@m#[y@m11#2y@m#. In
the models studied here, the slopess@m# are also discrete
The dynamics of dissolution of the Kear-Wilsdorf locks di
tates that the slope cannot exceed a maximum value.
number of allowed values for the slope determines the
grees of freedom of the dislocation and its behavior unde
applied stress.

The models can be classified according to the allow
slopes. The simplest model considered here allows slope
21/2 and11/2 and is referred to asB(1/2). The next model
in the sequenceB(1) allows the slopes to be21, 0, or 1.
In general, B(M ) allows the (2M11) values
2M ,2(M21), . . . ,(M21),M . The allowed dislocations
configurations are then described in complete analogy t
one dimensional chain of spins, andB(M ) corresponds in
this sense to a spin-M chain.

Because the state of the dislocation is given in terms
the values ofy@m#, the dynamics of the dislocation is de
fined by rules governing the evolution of they@m#. These
rules are based on the fundamental processes. Lety@m,i # to
be the value ofy@m# at stepi . The rules which give the
motion of the points~i.e., they@m,i11# from the y@m,i #)
are based on the values of the pair of slopes which neigh
the sitem ~that is,s@m21,i # ands@m,i #). For convenience,
theseslope pairsare referred to as (sl ,sr) ~i.e., left and right
slopes!, wheresl5s@m21,i #, andsr5s@m,i # with

s@m,i #5y@m11,i #2y@m,i #. ~1!

The allowed slope pairs for each modelB(1/2) through
B(2) are indicated in Fig. 1. The advancement probability
governed by the configuration of neighboring slopes and a
by the parameterp(512q).

The models’ advancement rules are presented in term
the probability of sitey@m,i # advancing by one unit during
the current time step. The probability depends on the sl
pair at that point and the parameterp, so it can be expresse
as a matrixPB(M )@sl ,sr # which is a function ofp. The prob-
ability matrix for each of the models considered here is p
sented in Tables I–IV.

ConsiderB(1/2) in Table I. The slope pairs denoted b
(1/2,1/2) and (21/2,21/2) represent superkinks which a
responsible for the motion of the dislocation. They must a
vance in the presence of any applied stress. The rule
advancement of a segmenty@m,i # in either of these slope
pairs is y@m,i11#5y@m,i #11. The segment (21/2,1/2)
~‘‘V’’ shaped! represents the portion of the superkink

TABLE I. This is the probability table forB(1/2).

PB(1/2) 2
1
2

1
2

2
1
2 1 1

1
2 p 1
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800 55D. C. CHRZAN AND MURRAY S. DAW
which the pinned~i.e., cross-slipped! points are being mobi-
lized because of the stress due to the dislocation line tens
These points also advance one unit at every step. The o
remaining type of slope pair is denoted by (1/2,21/2) ~in-
verted ‘‘V’’ !. These configurations are potential sites for ne

FIG. 1. The allowed slope pairs for each modelB(1/2) through
B(2). ~a! The configurations forB(3/2) are pictured; those for
B(1/2) are the subset in the dashed box.~b! The configurations for
B(2) are pictured; those forB(1) are in the subset in the dashe
box.
n.
ly

cross-slip events. The advancement rule for these poin
y@m,i11#5y@m,i #11 with probability p, and
y@m,i11#5y@m,i # with probability 12p.

Table II contains the advancement probabilities
B(1). Thesegments of type (1,1) and (21,21) represent
superkinks, and their associated segments advance
probability one. The segments of type (21,0), (21,1), and
(0,1) represent slope pairs which will be depinned by
applied stress; these segments also advance with proba
one. The segments of type (1,21), (1,0), and (0,21) are
potential points for cross slip to occur~or, conversely,
spawning points for superkinks!. The advancement probabi
ity for these segments is given byp. Finally, the segments o
type (0,0) represent the fully formed and locked Kea
Wilsdorf locks. These can be unlocked with the small, th
mally activated rate«.

Table III contains the advancement probabilities f
B(3/2). In this model the distinction between immobile a
mobile superkinks is made. The mobile superkinks have
slope pairs (3/2,3/2) and (23/2,23/2), and these have ad
vancement probabilities of one. The immobile superkin
have the slope pairs (1/2,1/2) and (21/2,21/2). Segments
such as these are deemed to advance with probability« cor-
responding to the possibility that their motion may be th
mally activated. In addition, the segments (21/2,1/2) and
(1/2,21/2) are mobile with a probability«. The segments
adjacent to superkinks will move according to the followin
rule. Those segments of type (23/2,sr), where
sr521/2, 1/2, or 3/2, will advance with a probability o
one because these segments represent the points in the
location at which a Kear-Wilsdorf lock is being dynamical
annihilated. Similar arguments apply to the (sl ,3/2) where
sl523/2,21/2,1/2. Finally, because superkinks may beg
superkinks with a probabilityp, the advancement probabili
ties for the remaining segment types are defined to bep.

Table IV displays the advancement probabilities f
B(2). These advancement probabilities are very similar
those employed in the prior model of Ref. 9. However,
contrast to the model of Ref. 9, the configurations which m
spawn superkinks all do so with equal probability: No deta
reflecting the local curvature of the dislocation are includ
While these details may be important to quantitative co
parisons between experiment and theory, they obfuscate

TABLE II. This is the probability table forB(1).

PB(1) 21 0 1

21 1 1 1
0 p « 1
1 p p 1

TABLE III. This is the probability table forB(3/2).

PB(3/2) 2
3
2 2

1
2

1
2

3
2

2
3
2 1 1 1 1

2
1
2 p « « 1

1
2 p « « 1
3
2 p p p 1
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55 801PINNING-DEPINNING TRANSITION IN DISLOCATION . . .
scaling properties of the transition. The scaling properties
B(2) ~with «50) have been compared with those observ
in the prior model, and no differences have been found.

This completes the specification of the dynamics of
models. The rules have been tailored to try to reproduce
motion of superkinks, formation of locks, and spawning
superkinks by other superkinks, all of which have been
served in a more detailed model of dislocation dynamics8

Two choices of boundary conditions for the model a
considered:~1! open boundary conditions and~2! periodic
boundary conditions. For open boundary conditions, the e
of the dislocations, which correspond to the surface of
grain or single crystal, act as sinks for superkinks, and w
influence the nature of the pinning-depinning transition. O
natural boundary condition is to mimic the tendency of d
locations to intersect surfaces at a perpendicular. This ‘‘ze
slope’’ boundary condition is applied by requiring that t
configurations on the ends of the dislocation are of the t
(sl ,sr52sl). Another natural boundary condition is to im
pose periodic boundary conditions on the dislocation li
The results presented in this paper use the former type~open
boundary!, though we have compared these results to th
with periodic boundary conditions and find that the gene
results do not appear to be sensitive to the choice.

Figure 2 displays possible pathways for the time evolut
of a simple superkink configuration inB(2). Thepath de-
noted by (A)→(D)→(E) is a path by which the mobile
superkink may become immobile. The path labe
(A)→(C) is the path by which the superkink moves to t
left by one unit. The path labeled (B)→(F)→(G) is a path
by which the left-moving superkink may spawn an addition
right-moving superkink. The path denoted by (H)→(I ) is a

FIG. 2. Example pathways for a superkink inB(2).

TABLE IV. This is the probability table forB(2).

PB(2) 22 21 0 1 2

22 1 1 1 1 1
21 p « « « 1
0 p « « « 1
1 p « « « 1
2 p p p p 1
f
d

e
e
f
-

ds
e
ll
e
-
o-

e

.

e
l

n

d

l

path by which a pair of superkinks may be nucleated th
mally from a pinned segment.

The examples above indicate how inB(2) superkinks act
as sources for additional superkinks, as well as how a
perkink may become immobile. This happens as well
B(3/2) andB(1). B(1/2) is exceptional, however, in tha
superkinks are generated not by other superkinks, but ins
by the particular slope-pair (1/2,21/2) ~inverted ‘‘V’’ !. This
property serves to simplify the dynamics ofB(1/2) which
allows the exact solution to this model to be obtained,
outlined in Sec. III.

In metal plasticity, one is concerned with the strain acc
mulated through the motion of the dislocations. This strain
proportional to the total area swept out by the dislocatio
Similarly, the strain rate is related to the areal velocity of t
dislocations. The velocity of a single pointv@m,i # is
y@m,i11#2y@m,i #. The average velocity at stepi , v@ i #, is
given by

v@ i #5
1

L (
m51

L

v@m,i #, ~2!

whereL is the number of segments in the dislocation. In t
limit that i→`, v@ i # fluctuates about a steady-state veloci
v` .

The statistically steady-state velocities are plotted in F
3 for B(1/2)2B(2) for the case in which«50. For
B(1/2), the dislocations’ steady-state velocity is 1/2 f
p50 and saturates asp→1. ThusB(1/2) exhibits only one
state, which is mobile. Similarly,B(1) describes dislocation
mobile at all values ofp.0. By contrast,B(3/2) andB(2)
show two states: a pinned and unpinned state~or an immo-
bile and a mobile state! separated by a critical valuepc .

By extensive numerical simulations of the stochas
equations embodied in Tables I–IV, we have explored
nature of the mobile and immobile states for dislocations
finite length. In particular, we find that the immobile sta
(p,pc) is degenerate, in that a large multiplicity of pinne
configurations can be accessed here. If a pinned config
tion is made mobile by releasing one of the pinned segme
the entire dislocation becomes active, with the mobile s
ments moving along the dislocation line, unzipping lock

FIG. 3. The velocity vsp for B(1/2) throughB(2).
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802 55D. C. CHRZAN AND MURRAY S. DAW
segments. The dislocation accelerates, then begins to slo
locking reoccurs until finally the entire dislocation becom
immobilized again. A similar relaxation occurs in the mob
state (p.pc). In this case, a fluctuation away from th
steady-state velocity gradually decays. Both below a
above the critical point, the decay of fluctuations is char
terized by a time scale which appears to diverge~except for
finite-size effects! at the transition. We discuss the charact
istic times in Sec. V.

We show in Fig. 4 the effect of finite« on the steady-state
velocities. Some rounding of the velocities occurs near
transition. Also, the pinned phases are no longer pinned,
take on a small velocity, due to the small rate («) at which
locked configurations are unlocked. This small depinning
moves the singular nature of the transition and gives a sm
mobility to the pinned phase. However, a vestige of the tr
sition remains in the form of scaling behavior. We save
further discussion of the scaling behavior for Sec. V.

The behavior of this system is reminiscent of that e
pected for charge density waves11 ~in the strong-pinning
limit !, a system which has been argued to display criti
behavior. It is argued below that the models studied h
display critical behavior similar, though not identical to, th
predicted for charge density waves. In particular, in the f
lowing sections we explore evidence of critical behavior
these models. In Sec. III, we present an analytical treatm
of the simplest model,B(1/2). ThoughB(1/2) does not have
a distinct pinned phase, we demonstrate that a ‘‘trivial’’ tra
sition occurs precisely atp50. In Sec. IV, we explore nu-
merical mean-field solutions for the more robust transitio
seen inB(3/2) andB(2), each of which has two distinc
phases. In the last section, we explore the scaling behav

III. ANALYTICAL MEAN-FIELD SOLUTION TO B„1/2…

The simplest model in the class isB(1/2). Figure 3 shows
thatB(1/2) displays no pinned phase and therefore no n
trivial pinning-depinning transition. However, as is demo
strated below, a transition appears precisely atp50. Also,

FIG. 4. The velocity vsp for B(1/2) through B(2) for
«50.02.
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one can make significant progress analytically when study
B(1/2). Hence,B(1/2) presents a convenient point fro
which one can begin to understand the behavior of the m
complex models.

Typical steady-state configurations are presented in Fi
for p50.01 andp50.99. For smallp, the dominant feature
is a ‘‘picket fence’’ interrupted occasionally by sloped s
perkinks. The picket fence moves with a velocity of 1/
Occasionally~according to Table I! a spike in the picket
fence will generate a pair of superkinks which travel apa
The presence of the superkinks raises the velocity ab
1/2. At high p, the dislocation shows larger height-heig
variation, with a significant number of superkinks.

The evolution of a configuration similar to that of Fig
5~a! is presented in Fig. 6. The state retains its qualitat
character. The superkinks which are present move later
In Fig. 7, we plot the motion of thesuperkinksalone, which
clearly illustrates the spontaneous creation of right- and l
traveling kink pairs which move to annihilate against ea
other. The overall forward motion of the dislocation is i
creased by the lateral motion of these superkinks: the
ward velocity of the dislocation is linearly related to the de
sity of kinks.

By contrast to the case for lowp where the kink density is

FIG. 5. Typical configurations forB(1/2): ~a! at smallp, ~b! at
largep.
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55 803PINNING-DEPINNING TRANSITION IN DISLOCATION . . .
low, the configuration for highp ~high kink density! moves
forward largely unchanged.

Kinks are produced according to Table I by ‘‘top’’~i.e.,
inverted-‘‘V’’ ! sites. A top site is one with neighborin
slopes (sl ,sr)5(1/2,21/2). When a top site moves forwar
~which it does with probabilityp), it generates a pair o
superkinks. Thus forp near 1, nearly all top sites are gene
ating near kink pairs. However, the presence of superki
reduces the number of top sites, which slows the produc
of superkinks. This site blocking is the only form of corr
lation in the model. Otherwise, the generation of superki
is completely random.

Thus theB(1/2) model is quite simple: superkinks a
produced at random in regions without superkinks and t
move to annihilate with the next available kink moving
the opposite direction. In this sense, theB(1/2) model is
oversimplified in comparison to, say,B(2), where only su-
perkinks can spawn other superkinks. However, the simp
ity makesB(1/2) amenable to analytic solution. The lack
correlation among superkinks implies that a mean-field
proximation will be reasonable. In fact, the statistical me

FIG. 6. Evolution of configuration shown in Fig. 5~a!. Snapshots
are taken at intervals of two time steps.

FIG. 7. Trajectories of superkinks inB(1/2). Left-moving su-
perkinks are plotted with left-pointing triangles and similarly f
right-moving superkinks. Creation and annihilation events occu
the intersections of the lines.
s
n

s

n

-

-
-

field solution constructed in this section is the exa
solution.12

As defined above, the distance along the slip direction
the mth node ati th time step is denoted byy@m,i #. The
slope between neighboring nodes is constrained to h
value s@m,i #561/2. It is convenient to define topologica
charges which characterize the four possible slope pair
each node:

r̂ @m,i #5~1/22s@m21,i # !~1/22s@m,i # !,

l̂ @m,i #5~1/21s@m21,i # !~1/21s@m,i # !, ~3!

t̂@m,i #5~1/21s@m21,i # !~1/22s@m,i # !,

b̂@m,i #5~1/22s@m21,i # !~1/21s@m,i # !,

where r̂ and l̂ denote right- and left-moving superkinks, re
spectively, andt̂ and b̂ denote top and bottom sites, respe
tively. In each case, the charge of the site is either 0 o
depending on whether it fits the desired character.

From Table I, we see that all sites always move forwa
except top sites, which may cross slip and so lag behind

The motion of the sitem can be expressed as a stochas
finite difference equation:13

y@m,i11#2y@m,i #5Dy@m,i #511~p@m,i #21! t̂@m,i #,
~4!

whereD is the time-step operator. In this equation, the p
cessp@m,i # is chosen randomly from 0 or 1 such that

p@m,i #5p, ~5!

where the overbar indicates an average over the sample
the processp. Random numbers at different nodes and tim
steps are uncorrelated:

p@m,i #p@m8,i 8#5dm,m8d i ,i 8~p2p2!1p2. ~6!

These equations describe the motion of the dislocation c
pletely, as prescribed by Table I.

Consider now the operation of averaging over the dis
cation line:^s@m,i #&m indicates an averaging ofs@m,i # over
sites, so that it is the average slope along the dislocation.
example, the slope-slope correlation function at a given ti
stepi is defined by an average over the length of the dis
cation line:

P@n#5^s@m,i #s@m1n,i #&m5
1

L (
m51

L

s@m,i #s@m1n,i #.

~7!

It is simple to prove that the nearest-neighbor correlat
counts the number of superkinks:

P@1#5~1/2!^ r̂ @m,i #1 l̂ @m,i #&m21/4 ~8!

and that because the average slope of the infinite disloca
line must be zero, the number of right- and left-traveli
superkinks are equal. Similarly, one can show that

P@1#51/42^ t̂@m,i #&m51/42^b̂@m,i #&m ~9!
t
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so that the concentration of the four charges is determine
one variable, which we define to bex@ i #5^ r̂ @m,i #&m .

The dislocation velocity is then given by

v@ i #5
1

L (
m51

L

v@m,i #

5
1

L (
m51

L

Dy@m,i #

5
1

L (
m51

L

11~p@m,i #21! t̂@m,i #. ~10!

Averaging the velocity over the random numbers, the sta
tically averaged dislocation velocity is then given by

v@ i #5^v@m,i #&m

5~31p!/41~12p!P@1#

5~11p!/21~12p!x@ i #, ~11!

which shows that the velocity is linearly proportional to t
density of kinks. To get an equation of motion for the stat
tically averaged dislocation velocity, we take the time step
v@m,i #511(p@m,i #21)t̂@m,i #, using the relation
D(ab)5D(a)b1aD(b)1D(a)D(b), the definition of t̂ in
terms of the slopess @Eq. ~3!#, the definition of the slopes
s in terms of the heightsy @Eq. ~1!#, and the equation o
motion of the heights@Eq. ~4!#. To obtain the statistical av
erage over random pinning events, we average over
samples of the processp using its properties@Eqs. ~5! and
~6!#. Finally, we add up the sites along the length of the l
to get the dislocation velocity:

Dv@ i #5~12p!14~113p!P@1#28~11p!P@2#

24~12p!P@3#18~12p!~T@1,3#2T@2,3# !

116~12p!Q@1,2,3#, ~12!

whereP@n# is the slope-slope~or ‘‘pair’’ ! correlation func-
tion from Eq. ~7!, T@m,n# is the trio correlation
^s@0,i #s@m,i #s@n,i #&m , andQ@ l ,m,n# is the similar quartet
e

by

s-

-
f

he

correlation. In this way, the stochastic difference equation
L segments on the line is converted to a deterministic se
difference equations involving the statistical correlati
functions.

The condition of steady state requires that the averag
time derivatives of certain quantities vanish. For examp
the requirement that the velocity be steady on average g

Dv50, ~13!
which leads to

05~12p!14~113p!P@1#28~11p!P@2#24~12p!P@3#

18~12p!~T@1,3#2T@2,3# !116~12p!Q@1,2,3#. ~14!

This restriction on the correlation functions at steady stat
exact. The same condition is obtained by applying
steady-state condition to any of the chargest̂, b̂, r̂ , or l̂ ,
because these charges involve products of nearest-neig
slopes. Similar restrictions on more correlation functions
obtained by applying the steady-state condition to ot
quantities, such as a product of slope pairs which are
nearest neighbors, or products of three slopes, etc. Thus
steady-state condition gives rise to an infinite hierarchy
algebraic conditions on the correlation functions.

The mean-field solution begins with one noting that ea
slope pair (sl ,sr) occurs with probabilityr@sl ,sr #5(1/4)
1aslsr , wherea5(4x21). ~Note thatx[r@1/2,1/2# by
definition.! Joint probabilities are assumed to be products
the pair probabilities, so that the probability of the sequen
s1,s2,s3 occurring isr@s1,s2,s3#5r@s1,s2#r@s2,s3#, etc.
Then the mean-field second-nearest-neighbor pair correla
functionPmf@2#, for example, is given by

Pmf@2#5Z21 (
$s[m,i ] %

r@$s@m,i #%#s@0,i #s@2,i # ~15!

with

Z5 (
$s[m,i ] %

r@$s@m,i #%# ~16!

and $s@m,i #% denotes the set of all possible slope. The r
evant correlation functions can be evaluated easily us
transfer matrices,14 to give
~17!
ed
and
and so forth.~Note that it is assumed thatj<k< l . . .<p.!
Requiring that the mean-field correlation functions d

scribe the system in steady state@Eq. ~14!# gives a constraint
on the kink density:

05~211p!2~122x!~p24px24x214px2!/2. ~18!
-
It is shown in Ref. 12 that the mean-field solution inde
satisfies all of the conditions for a steady-state solution,
is, therefore, the exact solution to the problem.

The solution to the steady-state equation forx gives the
steady-state density of superkinks as a function ofp:
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x~p!5^ r̂ &5
Ap

2~11Ap!
~19!

and the steady-state dislocation velocity as a function ofp is

v`~p!5
~11Ap!

2
. ~20!

This form for the velocity fits the numerical results@Fig. 3
for B(1/2)# to within the accuracy of our numerical simula
tions.

It is now argued that this model displays critical behav
in the limit p→0.

Given the mean-field approximation, the slope-slope c
relation function becomes

P@n#5
~21!n

4
exp@nln~124x!#. ~21!

The correlation length, therefore, becomes

j5
21

ln~124x!
, ~22!

where x is the density of superkinks in steady state@Eq.
~19!#. For smallp, the density of superkinksx;p1/2, and the
correlation lengthj;p21/2. Hence the characteristic lengt
in the problem diverges as the kink spawning probabi
approaches zero. This diverging correlation length is take
evidence of a critical point atp50.

The velocity fluctuations forB(1/2) also indicate the pres
ence of a critical point atp50. Consider a case where th
density of superkinks deviates from the steady-state va
The mean-field time dependence of the velocity is then gi
from the equation of motion for the velocity@Eq. ~14!#. Us-
ing that equation and expanding the right-hand side to
order in (v2v`) gives

Dv522Ap~12Ap!~v2v`!, ~23!

which gives rise to anexponential decaywith time constant
to51/(2Ap)(12Ap). Note thatto→1/(2Ap) as p→0. At
precisely p50 the relaxation equation forv becomes@to
second order in (v2v`)#

Dv522~v2v`!2, ~24!

which gives rise to analgebraic decay. The divergence of
the exponential relaxation time and the emergence of an
gebraic relaxation are taken as a sign of a depinning tra
tion at preciselyp50. The exponent for the divergence
the relaxation time is21/2.

If one assumes that the characteristic time governing
initial decay of the velocity-velocity correlation function
identical to that derived above, one can compare the me
field result with numerical data obtained from the exa
model. This comparison is shown in Fig. 8. The agreem
between the mean-field result and the numerical result is
cellent.

We have shown in this section through analytic mea
that even the simplest model in this class,B(1/2), shows
evidence of a dynamical phase transition, albeit a ‘‘trivia
one in the sense that no distinct pinned phase exists. In
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next section, we will use a similar mean-field treatment
the more complex models of the class.

IV. NUMERICAL MEAN-FIELD THEORY FOR B„1…,
B„3/2…, AND B„2…

In the previous section, we showed evidence for
‘‘trivial’’ dynamical phase transition in the simplest mode
of this class,B(1/2). This solution was based on a mean-fie
treatment of the statistics, which is believed to be exact
this model. Qualitatively, one does not expect the mean-fi
solution to be exact forB(M ), with M.1/2. In B(2), for
example, superkinks spawn other superkinks@a process
which does not happen inB(1/2)# so that spatial and tempo
ral correlations between superkinks are more strongly e
dent. However, the mean field is nonetheless a good appr
mation to the exact numerical simulations, and therefore w
serve in this section as a guide to the analysis. In addit
the mean-field solution may provide insight into behav
expected from more complicated experiments, e.g., inte
friction measurements.

In slight contrast toB(1/2), the equations of motion fo
the dislocation are calculated in terms of the average tra
tion rate from a pair of type (sl ,sr) to (sl8 ,sr8). Consider a
pair of slopes (sl ,sr). This pair could evolve into a numbe
of possible shapes at the next time step, depending on
slopes immediately to the left (sl) and right (sr) and on the
values of the random numbers~processes! in the equation of
motion. Thus, specifying the sequence (sl ,sl ,sr ,sr) deter-
mines completely the branching ratios of the central p
(sl ,sr) into its various possible next states.

The transition rate for (sl ,sr) to become (sl8 ,sr8) is

w@~sl ,sr !⇒~sl8 ,sr8!#5 (
sl ,sr ,sl8 ,sr8

f @sl ,sl ,sr ,sr#

3W@$sl ,~sl ,sr !,sr%⇒~sl8 ,sr8!#.

~25!

The functionf @sl ,sl ,sr ,sr# is the probability of finding the
consecutive sequence of four slopes (sl ,sl ,sr ,sr), given
that the central pair is (sl ,sr). W@$sl ,(sl ,sr),sr%

FIG. 8. Comparison of calculated and ‘‘measured’’ correlati
times forB(1/2).
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806 55D. C. CHRZAN AND MURRAY S. DAW
⇒(sl8 ,sr8)# is the transition rate for the pair of slope
(sl ,sr), which are the central pair of a sequence of fo
slopes (sl ,sl ,sr ,sr), to end up as the pair (sl8 ,sr8).

As with theB(1/2) model, we make the mean-field a
proximation, where one neglects correlations between s
pairs; all configurations appear with frequency dictated o
by the average probability of finding these configurations
the dislocation line. The functionf is then approximated by

f @sl ,sl ,sr ,sr#5
r@sl ,sl #

(s
l8
r@sl8 ,sl #

r@sr ,sr#

(s
r8
r@sr ,sr8#

. ~26!

The transition rates are calculated based on the adva
ment probabilities given in Sec. II. The results of these c
culations, which are straightforward, but tedious, are th
incorporated into a set of coupled, nonlinear equations g
erning the evolution of the probability distributions:

Dr@sl ,sr #5 (
sl8 ,sr8

$r@sl8 ,sr8#w@~sl8 ,sr8!⇒~sl ,sr !#

2r@sl ,sr #w@~sl ,sr !⇒~sl8 ,sr8!#%. ~27!

These deteriministic equations can then be solved num
cally to determine various features of the dynamics gove
ing dislocation motion.

In Fig. 9, the numerical, mean-field velocities forB(1),
B(3/2), andB(2) are presented.@The results forB(1/2) are
identical to those presented in the previous section.# The
thermal depinning rate («) is 0, to compare to the numerica
simulations of the exact equations which are plotted in F
3. The mean-field solutions bear a great resemblance to
exact numerical results. In particular,B(1) displays a transi-
tion at p50, and B(3/2) and B(2) display a pinning-
depinning transition at a nonzero value ofp5pc .

Using the mean-field equations, we explore the nature
the pinning-depinning transition. For example, one can c
struct a random population of slope pairs, and evolve
populations using mean-field equations of motion@Eq. ~27!#.
While for B(1), onealways arrives at a steady, mobile sta
for B(3/2) andB(2), onearrives at a unique mobile stead

FIG. 9. Numerical mean-field solutions of the steady-state
locities forB(1), B(3/2), andB(2).
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state forp.pc . One also discovers that the immobile stea
states (p,pc) are not unique. This is perfectly consisten
with the exact solutions of the stochastic equations prese
in Sec. II.

This behavior is displayed most clearly in the followin
thought experiment. Suppose one constructs a disloca
composed entirely of immobile superkinks~assuming that
one is studying the models for«50). Then one can ‘‘kick’’
the dislocation by ‘‘converting’’ a single pinned slope pair
a mobile pair. In practice, this conversion is constructed
reflect accurately the symmetries imposed on the mode
conservation of segment number, etc. The dislocation
namics are allowed to evolve the system until a new fix
point is located. The final populations of slope pairs are
corded, and the procedure is repeated.

The results of such thought experiments are shown in F
10. For advancement probabilities well belowpc , the slope-
pair densities evolve toward what appears to be a statistic
steady state. However, the statistically steady state appea
sample a significant number of distinct pinned configu
tions. Therefore, there is certainly more than one pinned s
available to the system, even within the mean-field appro
mation. As the advancement probability is increased tow
pc , one still observes a spectrum of pinned states, but
‘‘width’’ of this spectrum ~in terms of the number of state
available to the dislocation! is decreased markedly. Finally
for stresses abovepc , the steady state becomes truly uniqu
and the density of steady states becomes a delta functio

If one now sets«Þ0, the results of this thought exper
ment change dramatically~Fig. 11!. The dislocation is never
pinned completely for anyp. Within the mean-field approxi-
mation, then, in the finite temperature case, the sampling
phase space is altered substantially, and a particular sta
selected, even for those p much less than the ze
temperature critical probability, pc.

The mean-field approximation forB(1), B(3/2), and
B(2) is seen to be reasonably valid for these models, at l

-

FIG. 10. The concentrations of various types of sites for
hausted configurations within the mean-field treatment. Each p
on the curve is the result of one exhaustion event withp50.2. The
upper line is the probability that a spin pair is of the typ
(21,21) and equals the probability that the spin pair is of ty
(1,1). The lower curve is the probability of finding a pair of typ
(21,1) which is equal to the probability that a spin pair is of ty
(1,21). The equality of the respective pairs is determined by
initial conditions.
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55 807PINNING-DEPINNING TRANSITION IN DISLOCATION . . .
in terms of the nature of the pinning-depinning transition a
the velocity as a function ofp. The mean-field solutions give
some insight into the models. In the next section, we exa
ine in detail the exact numerical solutions~for finite length!
to the stochastic differential equations of motion.

V. NUMERICAL SCALING RESULTS

The models presented in Sec. II are based on stocha
finite-difference equations of motion for the dislocation.
Secs. III and IV, we derived~from those stochastic equa
tions! deterministic, mean-field equations of motion. In tho
sections, we saw that the mean-field approximations p
vided insight into the nature of the pinning-depinning tran
tion for infinite systems. In this section, we obtain exa
numerical results from the original stochastic equations
systems of finite size. Results are presented forB(3/2) and
B(2). At zero temperature,B(3/2) and B(2) display a
pinning-depinning transition at a nonzero value ofpc . The
zero-temperature scaling properties of the transition are
vestigated forB(3/2), and found to be consistent with th
properties deduced in an earlier study of a model very si
lar to B(2).9 At finite temperature, the models no long
display a pinned phase. However, it is demonstrated that
can use the remaining vestige of the pinning-depinning tr
sition to deduce critical exponents.

A. Scaling at zero temperature

Consider first the ‘‘zero-temperature’’ behavior
B(3/2) ~i.e., «50 in Table III!. As stated above, in this
model there are twotypesof states: a pinned state, in whic
the steady-state dislocation is immobile, and an unpin
state, in which the steady-state dislocation is mobile~in an
infinite system!. These two phases are delineated by a criti
probability,pc .

In the mobile phase (p.pc), one expects that a
p→pc , the velocity approaches zero as

v`~p!;~p2pc!
n, ~28!

based on an analogy with the electric field driving a cha
density wave. A similar behavior is found forB(1/2) @except
that the left-hand side of Eq.~28! must be replaced by

FIG. 11. B(3/2) steady-state velocity~within the mean field!,
zero and finite«.
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2#, andn5 1

2. Similarly, one expects the characteri
tic time governing the velocity fluctuations to diverge a
cording to

to;~p2pc!
2f8. ~29!

For p,pc and «50 there aremanypinned states. Even
though all dislocations eventually become immobilized
this regime, their relaxation dynamics can be studied by g
ing an immobilized dislocation a small ‘‘kick.’’ Dislocations
mobilized this way will move for some time, and then b
come immobile once again. It is expected that the charac
istic time for this relaxation also diverges near the critic
point as

to;~pc2p!2f. ~30!

It is not cleara priori that f5f8; however, the scaling
analysis presented below suggests that the equality hold

It is difficult to extract the exponents directly from th
numerical calculations at zero temperature, due to finite-s
effects. For example, in a dislocation of finite length, there
a small probability that a dislocation will become pinne
even in the mobile regime (p.pc). The scaling behavior is
more easily investigated at finite temperature~i.e., finite«).
The finite-temperature results are then combined with a
braic relations between exponents to deduce the z
temperature behavior. This will be discussed in the next s
section.

At a critical point, one expects to observe scaling.15When
an immobile dislocation is mobilized, as above, by a sm
kick, it will sweep at an areaa before exhausting at a tim
t. This process is repeated, until a distribution of events
be accumulated. The distributionn(a,t)dadt is defined to
be the number of dislocations which sweep out an area
tweena and a1da before exhausting at a time betweent
and t1dt. In Refs. 8 and 9, it was argued that nearpc , this
distribution becomes a homogeneous function of its ar
ments:

ln~a,t !5n~laa,ldt !. ~31!

It is straightforward to demonstrate this scaling behav
even at zero temperature. Figure 12 shows the results
B(3/2), where the valuesa521/2 andd521/3 have been
used.@These are the exponents deduced from earlier stud
a model very similar toB(2).9 The data collapse sugges
these exponents are good estimates forB(3/2) as well.#

In addition, several other quantities related ton(a,t) are
expected to scale. For example, the average areal veloci
time t of a dislocation destined to become immobile at a tim
t8, defined to bev(t,t8) is expected to scale according to

v~ t,t8!5t8hg~ t/t8!. ~32!

One can show thath51/2 for the choices ofa andd given
above. This scaling form is also tested in Fig. 12 w
h50.52. In addition, given the values ofa andd, one ex-
pects the average area swept out by a dislocation destine
exhaust at timet, defined to beā(t), to scale according to

a~ t !;ta/d. ~33!
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808 55D. C. CHRZAN AND MURRAY S. DAW
This behavior is also consistent with the choicea521/2
andd521/3, as demonstrated in Fig. 12.

In summary, there is good numerical evidence for
criticality and scaling behavior. Table V summarizes the
pected zero-~and finite-! temperature scaling behaviors.

B. Scaling at nonzero temperature

At finite temperatures, the transition between pinned a
unpinned phases is eliminated: A dislocation is mobile e
for probabilitiesp,pc . However, this does not mean th
the scaling behavior present in the models for«50 is absent
completely from the finite« solution. In fact, it is demon-
strated here that introduction of a finite value of« has an
effect similar to the introduction of temperature into t
Fukuyama-Lee-Rice model16,17 of charge density waves.11,18

By analogy with those studies, the following scaling form
conjectured to hold forv` as a function ofp:

FIG. 12. Scaling behavior ofB(3/2) for«50. Panel~a! displays
the scaling ofn(a,t) with a52

1
2 and d52

1
3. Panel~b! displays

the scaling ofv(t,t8) with h50.52. Panel~c! displays the observed
behavior ofā(t). The dashed line in panel~c! displays the expected
t3/2 dependence.
e
-

d
n

v`~p,«!5«b f „~p2pc!/«
g
…. ~34!

This expression is based on the fact that the introduction
temperature~i.e., finite«) results in an additional time scal
characterizing the dislocation dynamics. At the critical poi
this time scale must be the only time scale in the proble
for to→`. Therefore, near pc , only the ratio of
(p2pc)/«

g determines the behavior of the dislocation, ba
ring the effects of finite size.~In fact, this argument is similar
to that used for analyzing finite-size effects except for
fact that the additional length scale stems from the therm
activated step, and not the size of the system.!

Because the«→0 limit of v`(p,«) is v`(p), the scaling
hypothesis requires that the critical exponents satisfy

b2gn50. ~35!

This relation is used to calculate the zero-« exponentn from
calculations done at finite«.

This type of argument can be extended further to aid
analysis of the characteristic time scale for the velocity flu
tuations. It is conjectured here that for the finite-temperat
case,

to~p,«!5«2zh„~p2pc!/«
g
…. ~36!

To correspond toto(p) in the zero-« limit, the critical expo-
nents must satisfy

z2gf50. ~37!

We now test the scaling hypotheses for the velocity a
characteristic time@Eqs. ~34! and ~36!#. The characteristic
time is estimated from the velocity autocorrelation functio
A dislocation withL5104 is initialized to a symmetric state
„For example, forB(2) the dislocation is initialized with
y@m,0#50 for all m.… The system is run for 105 steps to
allow the system to approach its statistically steady st
The velocity is then recorded forT543105 steps, andv` is
calculated as

v`5
1

T(i51

T

v@ i #. ~38!

The velocity-velocity correlation functiong̃(n) is then esti-
mated according to

g̃~n!5
1

N(
i51

N

~v@ i1n#2v`!~v@ i #2v`!, ~39!
TABLE V. Some scaling forms andestimatesfor exponents.

«50 «.0 Exponents
(T50) (T.0)

b51/3
Velocity v`(p);(p2pc)

n v`(p,«)5«b f „(p2pc)/«
g
… g51/3

n(5b/g)51
Characteristic time to(p);up2pcu2f to(p,«)5«2zh„(p2pc)/«

g
… z52/3

f(5z/g)52
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55 809PINNING-DEPINNING TRANSITION IN DISLOCATION . . .
where the valueN depends on the number of points availab
for averaging. The characteristic time is estimated by fitt
the ‘‘early time’’ portion of g̃(n) to an exponential form

g̃~n!5g̃~0!exp~2n/to!, ~40!

where ‘‘early time’’ is defined to be 0<n&to/3. The values
so obtained are then used to verify the conjectured sca
forms above. Figure 13 contains an example of the corr
tion function so obtained, and the corresponding fit. The
ror bars in Fig. 13 represent a statistical estimate of the e
Note that the disagreement at long times between the fi
curve and the numerical data stems from the error in
numerical estimate ofv` .

It is simplest to determinepc from the scaling form for
to @Eq. ~36!#. One expects a peak in this distribution to a
pear atp5pc , for sufficiently small«. ~One must be carefu
not to include« so small that finite-size effects are eviden!
This expectation is validated by the results forB(3/2), which
show a peak nearp50.30. Hence in constructing the scalin
plot for to(p,«), the critical probability is chosen to b
pc50.30. Figure 14 displays the scaled curves using the
timated values of the exponentsz50.63 andg50.32. The
data collapse for a range of« varying over slightly more than
one decade is excellent. For« too large, the scaled data d
not fall on the scaled curve. For«&1/L, the curves also do
not fall on the scaled curve due most likely to the finite s
of the dislocation.

The data collapse in Fig. 14 suggests that the scaling c
jecture of Eq.~36! is a good one. The fact that the collap
persists through the zero-« critical probability suggests tha
f5f8, though statistical noise precludes a definitive sta
ment. The data collapse, when combined with the sca
form Eq. ~37!, allows an estimate off51.9.

A similar behavior is observed forB(2), as isdisplayed
also in Fig. 14. The critical exponents for this model agr
to within numerical accuracy, with those ofB(3/2). The
critical probability is estimated to bepc50.47.

Having determinedpc through the analysis of the corre
lation time, it is now possible to test Eq.~34! for the scaling
of the velocity. The above analysis has already establis

FIG. 13. Velocity autocorrelation function as ‘‘measured’’ usin
numerical simulations. The solid line is the numerical value e
mated from 400 000 data points, and the dashed line is a fit to
data. The error bar indicates the statistical error.
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that g'0.32, hence the only exponent remaining to be
termined isb. This exponent can be estimated from a plot
v(pc ,«).

The results forB(3/2) andB(2) are presented in Fig. 15
The data collapse, obtained withb50.32, verifies the pro-
posed scaling form. This result, coupled with Eq.~35!, im-
plies thatn51.0. Hence the dislocation velocity is estimat
to be a linear function ofp2pc near the critical point.

VI. DISCUSSION

It has been argued in prior work that the total exhaust
of the motion of the dislocation is responsible for the o
served anomalous hardening rates.2 In fact, stress relaxation
experiments performed by Bonneville and Martin indica
that even during the short duration of their relaxations,
mobile dislocation density is changing.19 However, the cur-
rent work, which indicates that inclusion of thermally a
sisted depinnning eliminates the existence of a pinned ph
requires a reanalysis of the proposed hardening mechan
While the precise resolution of this issue awaits furth
study, some arguments are presented here.

In a truly infinite system at finite temperature, the disl
cations never completely exhaust their motion. However
a dislocation of finite length, which necessarily contains
finite number of superkinks, it is possible for the dislocati
to be driven to a state in which the time for thermally a
sisted depinning initiation of dislocation motion, which
governed by the thermal bowing of immobile superkinks,7 is
much longer than the time scales associated with the exp
ment. For all practical purposes, then, this dislocation
pinned, and contributes to the observed hardening. Note

i-
e

FIG. 14. Characteristic time data forB(3/2) andB(2).
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the models of the class considered here could be modifie
allow for several thermal depinning rates~configuration de-
pendent! and the effects of these rates on the observed h
ening determined.

In this picture, then, hardening is related intimately to t
length of the dislocations. Therefore, one might exp
significant finite-size effects~e.g., grain-size, etc.! in the
hardening properties of these compounds. The authors
not aware of experiments designed to explore such de
dence directly, but suggest that such experiments may p
fruitful.

VII. CONCLUSIONS

In conclusion, a set of models mimicking superdislocat
motion in theL12 compounds displaying the yield streng
anomaly are introduced and studied. The models incl
both dynamic and thermal annihilation of the Kear-Wilsdo
locks.

The most simple version of the model,B(1/2) can be
solved exactly. This exact solution, given in terms of
advancement probability,p, indicates the existence of a crit
cal point atp50. The exponents for this critical point ar
evaluated exactly.

FIG. 15. The scaled velocity plots forB(3/2) andB(2).
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For more complicated versions of the model, one can
longer obtain easily the exact solution. Instead, these mo
are studied within a mean-field approximation and throu
exact numerical techniques. ForB(3/2) andB(2), thezero-
temperature~i.e., no thermal annihilation of Kear-Wilsdor
locks! mean-field solution indicates the existence of a no
zero value of the advancement probabilityp5pc below
which all superdislocations eventually become pinned.
p.pc , an infinite dislocation remains mobile for all time. I
addition, the mean-field solution suggests that there i
broad spectrum of accessible configurations for the su
dislocations as long asp,pc , but that forp.pc , the dy-
namics select a particular configuration as the mobile one
addition, the spectrum of accessible states appears to na
continuously as one approachespc from below.

The inclusion of thermal annihilation of the Kea
Wilsdorf locks alters significantly the manner in which co
figuration space is sampled. Within the mean-field soluti
the dislocation assumes a particular (p- and «-dependent!
mobile configuration for all values ofp. Correspondingly,
the pinning-depinning transition moves top50.

The mean-field solution suggests that study of the ex
solution numerically is warranted. It is verified that the mo
els studied here display a critical behavior similar to th
proposed for a prior model of flow. In particular, it is foun
that various quantities related to mechanical proper
should scale forp'pc .

It is also noted that for«Þ0, that the critical point atpc is
no longer present. However, remnants of the scaling beh
ior associated with that critical point that are present
small« allow one to develop a scaling analysis to determ
critical exponents associated with the«50 critical point. In
particular, it is argued, based on an analysis of the veloc
velocity correlation function, that the characteristic tim
to , scales asup2pcuf with f51.9. It is also argued that th
velocity as a function ofp scales in a fashion similar to tha
proposed by Middleton for charge density waves.
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